We prove L p Sobolev inequalities and the discrete compactness for general finite element differential forms on Lipschitz domains. In computational electromagnetism, special cases of these results have been established for edge elements with weakly imposed divergence-free conditions and used in the analysis of nonlinear and eigenvalue problems. In this paper, we prove the corresponding results for discrete differential forms, not necessarily with strongly or weakly imposed constraints. The analysis relies on a new Hodge mapping and its approximation property.
Introduction
Discrete Sobolev inequalities (L p estimates) and the discrete compactness for finite element functions are usually required in the analysis of numerical methods for nonlinear and eigenvalue problems.
For Maxwell type equations, the electromagnetic variables are vector fields in Z := H 0 (curl, Ω) ∩ H(div, Ω) or Z := H(curl, Ω) ∩ H 0 (div, Ω). In subsequent discussions we use Z to denote either of these two spaces. In general, H 1 (Ω) ∩ Z is a closed subspace of Z with the norm
where · denotes the L 2 norm defined by the L 2 inner product
With a slight abuse of notation, here and in subsequent discussions we use L p and H s to denote the spaces of both scalar-valued and vector-valued functions.
If Ω is convex or Ω has C 1,1 boundary, one has Z ֒→ H 1 (Ω) and the compact imbedding Z c ֒→ L 2 (Ω).
However, for more general domains, e.g. domains with concave corners, H 1 (Ω) ∩ Z is not dense in Z. For general Lipschitz domains, there exists 1/2 ≤ s ≤ 1 such that Z ֒→ H s (Ω) and the compact imbedding Z c ֒→ L 2 (Ω) holds [1, 2] .
The lack of regularity on general domains raises a great challenge for computational electromagnetism since one cannot use H 1 conforming finite elements to approximate electromagnetic fields. The wrong solutions generated by the Lagrange C 0 elements are called pseudo-solutions [28] . On the other 1 . Therefore one is forced to seek nonconforming approximations for Z in the framework of finite elements. The most popular choice of the approximation space in the literature is the Nédélec edge elements with weakly imposed divergence-free constraints reflecting certain physical laws [14, 19, 32, 20, 7] :
h := {w h ∈ Nédélec space, (w h , grad φ h ) = 0, ∀φ h ∈ Lagrange space}. (.)
The X c h space is not a subspace of Z, therefore the L p estimates and the discrete compactness cannot be inherited from the results for Z directly. The L p Sobolev inequalities for X c h have been established in, e.g., [14, 32, 20] ) to study the edge element discretizations for nonlinear problems. The analysis is based on a map from X c h to Z and its approximation property [19] . This map acts as a connection between the discrete and the continuous levels and is sometimes called the Hodge mapping.
For some problems in electromagnetism, a divergence-free constraint in Z plays a crucial role. For example, for MHD systems where the electromagnetic fields are coupled with the fluid, violations of Gauss's law div B = 0 on the discrete level may yield nonphysical solutions [11] . For incompressible MHD systems, a finite element scheme based on the divergence-free Brezzi-Douglas-Marini (BDM) or the Raviart-Thomas (RT) space H h (div 0) is proposed in Hu, Ma and Xu [21] . Gauss's law div B = 0 is precisely preserved on the discrete level. The classical Hodge mapping techniques for the edge elements with weakly imposed divergence-free constraints cannot be applied in this case. To establish the well-posedness of the finite element schemes, a new Hodge mapping for H h (div 0) is defined in Hu and Xu [23] . See also [22] for another type of boundary conditions and the application of this technique in the convergence analysis. For eigenvalue problems, the discrete compactness of X c h is used to establish the convergence of discrete eigenvalue problems see, e.g., [19, 7] . The analysis is also based on the Hodge mapping [19] . However, to the best of our knowledge, the discrete compactness of truly divergence-free finite element functions have not been studied.
The edge and face elements can be unified as discrete differential forms c.f. [10, 19, 18, 2] . This generalization has led to useful tools for both the electromagnetism and other problems involving vector or tensor fields. The purpose of this paper is to establish the L p estimates and the discrete compactness for general discrete differential forms on Lipschitz domains. The goal is achieved by defining a Hodge mapping for the entire discrete space without (either strong or weak) constraints such as the divergence-free conditions. This new Hodge mapping is a generalization of the classical technique for X c h [19] and the result for H h (div 0) [23] . As we shall see, the desired results rely on the regularity of the spaces on the continuous level and the existence of bounded cochain projections [17] . The first part of this paper is focused on the proof of the inequality (Theorem 11)
is the space of discrete differential k-forms with vanishing boundary conditions, d * h :
3 ≤ p ≤ 6 is a positive constant depending on the domain Ω. The analogue for H h Λ k (Ω) is stated in Theorem 12.
In three space dimensions, let grad h , curl h and div h be the discrete L 2 adjoint operators of − div, curl and − grad respectively (see Section 2 for more explanations). Then the L p estimate (.) for 0-forms boils down to
This is a corollary of the Sobolev imbedding u 0,6 u 1 and the Poincaré inequality u ∇u . For 1-forms, the estimate (.) corresponds to
For u ∈ H h 0 (curl, Ω) satisfying div h u = 0, the estimate (.) boils down to the classical estimate for X c h . For u ∈ H h 0 (curl, Ω) satisfying curl u = 0, the reduced inequality
serves as an L p estimate for the discrete Poisson equation. Actually, consider the problem: given
By definition, we have Pf = − div h grad u, where P :
For u satisfying div u = 0, (.) is reduced to u 0,p curl h u . This is the estimate in Hu and Xu [23] . For u orthogonal to the image of curl, i.e., curl h u = 0, we have u 0,p div u . For 3-forms, the L p estimate boils down to
The inequality (.) serves as an L p estimate for the mixed finite element method for Poisson equations.
In fact, consider the variational formulation:
By the first equation of (.), we have σ = − grad h u. Then (.) implies u 0,p σ f . In the second part of this paper, we prove the discrete compactness for general discrete differential forms (Theorem 13):
where C is a positive constant, there exists a subsequence strongly converging in L 2 Λ k (Ω).
For 0-forms, this result is a special case of the compactness of H 1 0 (Ω). For 1-forms, two special cases are
, curl u h = 0 and div h u h is uniformly bounded, then there is a subsequence strongly converging in L 2 ;
• if u h ∈ H h 0 (curl, Ω), div h u h = 0 and curl u h is uniformly bounded, then there is a subsequence strongly converging in L 2 . This corresponds to the classical discrete compactness for edge elements [19, 7] .
For 2-forms, we have special cases
, div u h = 0 and curl h u h is uniformly bounded, then there is a subsequence strongly converging in L 2 ;
• if u h ∈ H h 0 (div, Ω), curl h u h = 0 and div u h is uniformly bounded, then there is a subsequence strongly converging in L 2 (c.f. [7, 8] ).
For 3-forms, the result reads: if u h ∈ L 2 h (Ω) and grad h u h is uniformly bounded, then there is a subsequence of u h strongly converging in L 2 .
The remaining sections are organized as follows. In Section 2, we introduce some notation and preliminary results. In Section 3 we study the Hodge mappings for the weakly constrained and the entire spaces of finite element differential forms. In Section 4 we prove the discrete compactness for finite element differential forms based on the approximation property of the Hodge mapping. In Section 5 we give concluding remarks.
Preliminaries
We introduce some notation and preliminary results which will be used below. For differential forms and exterior derivatives, we follow the convention in [2] and refer to [2, 26] for more details.
Let Ω be a bounded Lipschitz domain. For ease of presentation, starting from Section 3 we further assume that Ω is contractible, i.e. Ω is homeomorphic to R n where n is the space dimension. Therefore there are no nontrivial harmonic forms. The discussions can be adapted to domains with nontrivial topology by considering the orthogonal complement of harmonic forms (c.f. [2] ). We use ν ∂Ω , or simply ν, to denote the unit normal vector of the boundary of Ω. We define the following H(D, Ω) space with a given linear operator D:
and
where t D is the trace operator which reads in 3D:
We use the following notation:
When D = grad, we use the notation:
We define
We denote the space of smooth differential k-forms on Ω by Λ k (Ω). Let ⋆ : Λ k → Λ n−k be the Hodge star operator. We use (·, ·) to denote the L 2 inner product of k-forms (for any nonnegative integer k):
We denote the norm by
We define the Sobolev spaces of differential k-forms:
where d is the exterior derivative. We define the HΛ inner product and the corresponding norms: The codifferential operator δ k :
there is no possible confusion, we omit the subscript and write δ for any k-form. We similarly define
Define the range spaces of the codifferential operators:
Choosing a basis, a differential form can be identified as a scalar or vector valued function. This identification is called the vector proxy. For example, choosing bases 1;
for 0-, 1-, 2-and 3-forms in R 3 respectively, some identifications in 3D are summarized in Table 1 . We define tr Ω as the trace operator on the boundary of a domain Ω. We useHΛ k (Ω), 0 ≤ k ≤ n − 1 to denote the Sobolev space of differential k-forms with vanishing traces on ∂Ω. Here n is the dimension of Ω. For n-forms in n space dimensions, we formally define
We also defineH 
and define the spaces with vanishing exterior derivatives and coderivatives:
is exact on any contractible domain Ω, i.e. for any u ∈ HΛ k (Ω) satisfying du = 0, there exists
Similarly, the spaces with vanishing traces
form an exact sequence on any contractible domain Ω. The L 2 dual complex of (.)
is also exact on contractible domains. We define
These definitions include H(curl) ∩ H(div) type spaces for the Maxwell equations as a special case. Correspondingly, we can consider another group of spaces with different boundary conditions:
The proofs below can be translated to this situation verbatim, therefore we prove results for Z k and Z k 0 in detail and only state the results for another group of boundary conditions without proofs.
The following observations will be used in the discussions below.
Proof. From the Hodge decomposition [2] , we have
where
is the space of harmonic forms.
Taking δ on both sides, we obtain
Conversely, by definition of Z k , we have δZ k ⊂ δH * Λ k (Ω). This completes the proof.
We assume that the sequence
and the sequence with vanishing traces: HΛ k norms. The commutativity and the boundedness will be crucial in the sequel.
for any nonnegative integer k,
Since (·, ·) is a complete inner product on the finite dimensional space H h Λ k , the identity (.) uniquely
which mimics the identity δ 2 = 0 on the continuous level. In this way we obtain the complexes
In three space dimensions, we use div h , curl h and grad h to denote the discrete adjoint operators of − grad, curl and − div in the vector form respectively (d * h for 1-, 2-and 3-forms), either with or without homogeneous boundary conditions.
We define the range space B
and the kernel space Z
For the discrete L 2 dual operators, we define
The orthogonality can be understood either with respect to the inner product (·, ·) or with respect to (·, ·) HΛ .
We define the space of discrete harmonic forms
The discrete Hodge decomposition holds:
Analogously, we can decomposeH h Λ k with vanishing boundary conditions:
The vector proxy for the discrete Hodge decompositions (.) and (.) in 3D reads:
h (and the corresponding spaces with vanishing boundary conditions) are finite element spaces (e.g. Lagrange, 1st or 2nd Nédélec, BDM or Raviart-Thomas and piecewise polynomial spaces) on a discrete de Rham complex.
We define the norms
We use the notation u v to denote u ≤ Cv, where C is a generic positive constant.
3 Hodge mapping and discrete Sobolev inequalities 
Hodge mapping for weakly constrained spaces
In conventional finite element methods for the Maxwell equations, the electric or the magnetic variable is discretized in X c h , i.e. the edge element space with the weakly imposed divergence-free constraint. We recall the definition (with homogeneous boundary conditions)
The Hodge mapping H
The Poincaré inequality in Z 1 , i.e.
implies that H 1 0 is well-defined. For discrete differential forms, we can generalize the Hodge mapping
The Poincaré inequality in Z k 0 ((.) with s = 0) implies that H k 0 is well-defined. The following approximation property of the interpolation operators can be found in [2] . The proof is based on dilation, translation and a compact argument.
Lemma 2. For any u ∈ H
s Λ k (Ω), 1/2 ≤ s ≤ 1, and du ∈ H h Λ k+1 (Ω), we have the estimate
We then show the approximation property of H 
We note that
to the commuting diagram and the definition of H
As a result of the Hodge mapping and its approximation property, we obtain the discrete Poincaré inequality (c.f. [2] ): Theorem 2. Assume that Ω is a Lipschitz domain. There exists a positive constant C such that
Proof. The inequality follows from the properties of the Hodge mapping. We have
For the first term,
and for the second term, H k 0 u h = du h . This completes the proof.
The discussions above demonstrate the results for the spaces with vanishing boundary conditions. For another group of spaces, we define the Hodge mappingH
The approximation property holds: Theorem 3. Assume that Ω is an s-regular domain where s ∈ [1/2, 1]. We have
We also have the corresponding Poincaré inequality:
Theorem 4. Assume that Ω is a Lipschitz domain. There exists a positive constant C such that
Hodge mapping for the entire space
The Hodge decomposition on contractible domains
has two components. In the last section we have constructed the Hodge mapping and proved the discrete Poincaré inequality for the d *
In this section, in order to define a corresponding Hodge mapping for the entire spaceH h Λ k (Ω) (H h Λ k (Ω)), we first prove the discrete Poincaré's inequality for another component using the duality argument (for the result for H h 0 (div 0, Ω), see [23] ).
Theorem 5. For B h ∈B k h , we have the discrete Poincaré inequality:
From Theorem 2 (also see [2] ), we have
Then we have
Combining (.) and (.), we get
Combining the discrete Poincaré inequalities for both components (Theorem 2, Theorem 5), we obtain (for the results for H h 0 (div, Ω) and H h 0 (curl, Ω), see [12] ) Theorem 6 (discrete Poincaré inequality). There exists a generic positive constant C such that 
Now we are in a position to define a new Hodge mapping for both components of the Hodge decomposition (.) and (.). We only consider (.), and the same argument can be adapted to (.) verbatim. We define
Due to the fact (dH k B h , δH k B h ) = 0 and the Poincaré inequality in Z k , i.e.
we see that H k is well-defined.
Finally we can prove the approximation of H k .
Theorem 7.
Let Ω be an s-regular domain. We have
Proof. Thanks to the commuting diagram (the interpolation operator Π commutes with the exterior derivatives), we have
The last identity is due to (.). Therefore,
From Lemma 2,
By (.) and
This completes the proof.
Next, we present the results for another group of boundary conditions without proofs. For H h (div 0), the corresponding results have been established in [22] .
h , we have the following discrete Poincaré inequality:
Theorem 9. There exists a generic positive constant C such that
Although we use the same notation d * h in both (.) and (.), they are actually different operators. In (.), the operator d *
The discrete adjoint operator in (.) is not a restriction of that in (.). We defineH
Theorem 10. Let Ω be an s-regular domain. We have
Discrete Sobolev inequalities
We establish the L p bounds using the Hodge mapping. Below we assume that the interpolations Π k , [13, 16] , i.e., there exists a generic positive constant C such that
Theorem 11. Assume that Ω is an s-regular domain. We have
where p = 2n/(n − 2s) and n is the space dimension.
For n = 3, s = 1/2, we have p = 3 and for n = 3, s = 1, we have δ = 6.
Proof. From the triangular inequality, we have
From the inverse estimates, the interpolation error estimates and the approximation of the Hodge mapping (Lemma 7),
From the L p boundedness of the interpolation operators and the regularity of Z, we have
For another group of boundary conditions, similar results hold.
Theorem 12.
Assume that Ω is an s-regular domain. The inequality
holds, where p = 2n/(n − 2s) and n is the space dimension.
Discrete compactness and eigenvalue problems
We consider the Hodge Laplacian eigenvalue problem:
The discretization of (.) reads:
By the definition of the discrete adjoint operator, we have the mixed form of (.):
The Maxwell eigenvalue problem is a special case of (.) with k = 1 and the constraint δu = 0, or the case k = 2 with the constraint du = 0. This motivates us to consider the following two problems. Problem 1. Find u ∈ Z k satisfying δu = 0 and λ ∈ R, such that for any v ∈ Z k ,
The constraints du = 0 and δu = 0 in Problem 1 and Problem 2 can be realized by requiring λ = 0 or using the Lagrange multipliers, which are generalizations of the formulations in, e.g., [24, 9] . Any eigen-pair (u, λ) of (.) or (.) satisfies (.). On the other hand, the eigen-pairs of the Hodge Laplacian eigenvalue problem (.) may not solve (.) or (.)
The discretizations for Problem 1 and Problem 2 can be given as follows.
As a generalization of an observation for the Maxwell eigenvalue problem [7] , Problem 3 with k = k 0 , ∀0 ≤ k 0 ≤ n − 1 and Problem 4 with k = k 0 + 1 are equivalent in the following sense.
Lemma 3. For any
Proof. Equation (.) is equivalent to d * h du h = λ h u h . Taking the exterior derivative on both sides, we have dd *
On the other hand, taking d * h on both sides of dd * hũ h = λ hũh , we see that the pair d * hũ h ,λ h solves (.).
For the Maxwell eigenvalue problems, Lemma 3 indicates that discretizations based on the Nédélec edge elements are equivalent to the curl-div mixed formulation based on the Nédélec edge elements and the BDM/RT face elements. Therefore most of the literatures for Maxwell's eigenvalue problems are focused on Problem 3 since it appears simpler than the mixed formulation.
The convergence of the formulation in Problem 3 can be established in at least two ways. One way to analyze the eigenvalue problems is based on the Fortin operators [19] . For the Hodge Laplacian eigenvalue problem (.), Arnold, Falk and Winther [2] prove the convergence using the bounded cochain projections. Another approach is based on the Babuška-Osborn theory [30, 5] , where one needs to verify two conditions (see [29] ):
• the operator family {T h } h∈H is collectively compact,
Here H = {h n : n = 1, 2, · · · } is a sequence of decreasing positive real numbers converging to zero and {T h } h∈H is a family of shape-regular meshes. The pointwise convergence in the above conditions comes from the convergence of source problems. The discrete/collective compactness is a crucial ingredient in this approach. Moreover, the discrete compactness is an interesting result by itself [19] . As a subspace of H h Λ k , the results of X c h are well known. However, the discrete compactness results for the entire space H h Λ k remain to be investigated.
Therefore, in the sequel we prove the discrete and collective compactness of the entire H h Λ k space (alternatively,H h Λ k with vanishing boundary conditions) using the new Hodge mapping proposed in this paper. We first recall the classical discrete compactness results for X c h [6] .
Definition 1.
Let W h and Q h be two finite dimensional spaces. The pair (W h , Q h ) satisfies the discrete compactness property if given a sequence q h ∈ Q h such that
then there exists a subsequence q h converging strongly in L 2 (Ω).
The pair (H 1 0,h (Ω), H h 0 (curl, Ω)) on a de Rham complex fulfills the condition in Definition 1. This result and its proof can be found in Boffi [6] . Next we define and prove the discrete compactness for the entire space.
Theorem 13 (Discrete compactness ofH
where C is a positive constant, there exists a subsequence B hn which converges strongly in
Proof. From the regularity of Z (.) and the definition of H k , we have
Since Z is compactly imbedding in L 2 (Ω), there exists a sequence converging strongly in L 2 Λ k (Ω):
Next we prove B hn → B 0 strongly in L 2 (Ω). In fact, from the triangular inequality:
From the approximation of the Hodge mapping (Lemma 7),
as n → ∞ (and hence h n → 0).
Due to (.),
We recall the definition of the collective compactness [19, 25] .
Definition 2.
A family A of linear operators mapping a normed space X into a normed space Y is called collectively compact, if for each bounded set U ⊂ X, the image A (U ) := {Ax, x ∈ U, A ∈ A } is relatively compact in Y .
We use T : L 2 Λ k → Z k to denote the operator corresponding to the source problem of (.): Find
Correspondingly, we use T h : L 2 Λ k →H h Λ k (Ω) to denote the operator for the discrete source problem:
The proof of the following collective compactness result is similar to the discussions in [19, Theorem 4.10] . The only difference is that we use the discrete compactness ofH h Λ k , relying on the new Hodge decomposition proposed in this paper, rather than the discrete compactness of X c h in [19] .
Theorem 14 (Collective compactness of T h ).
The operator family {T h } h∈H is collectively compact.
Proof. Let U ⊂ L 2 Λ k (Ω) be a bounded set. If f ∈ U , then we have T h f ∈H h Λ k (Ω) with
and it follows T h f Z h ≤ C f . Hence
Due to the discrete compactness (Theorem 13), there exists a subsequence of {T hn f } ∞ n=1 which converges strongly in L 2 Λ k (Ω). This implies that {T h (U )} h∈H is relatively compact in L 2 Λ k (Ω).
For another group of boundary conditions, we have analogous results. We consider the Hodge Laplacian eigenvalue problem: Find u ∈Z k , λ ∈ R, such that for any v ∈Z k , (du, dv) + (δu, δv) = λ(u, v).
(.)
The discretization of (.) reads: Find u h ∈ H h Λ k , λ h ∈ R, such that for any v h ∈ H h Λ k , 
Conclusion
We generalize the Hodge mapping for the weakly divergence-free edge elements [19] and that for the strongly divergence-free face elements [23] to general discrete differential forms. Based on the Hodge mapping, we further prove the discrete compactness and the collective compactness for the discrete Hodge Laplacian operators.
As we have seen, in the investigation of the Hodge mappings, the commuting interpolations act as a bridge between the regularity results on the continuous and the discrete levels. Therefore we hope that the techniques presented in this paper can be useful for high order methods (p-version) or problems involving general Hilbert complexes [3] provided that we have regularity results on the continuous level and suitable bounded commuting interpolations.
Various relevant concepts exist for the discrete compactness (c.f. [15] ). We hope that the results in this paper can also be useful for these variants.
